Abstract. We provide a short proof for a semistability criterion which is crucial to the construction of master spaces which has drawn interest in recent research in Geometric Invariant Theory.
Among the main objects of study of Geometric Invariant Theory are representations of reductive algebraic groups. Given a reductive algebraic group G, defined over a field k, a finite dimensional k-vector space W , and a rational representation ρ : G −→ GL(W ), one obtains an action of G on P(W ), the space of hyperplanes in W , and a representation of G on the algebra R := Sym W . By the Hilbert-Nagata theorem, the algebra R G of G-invariant elements in R is a finitely generated graded subalgebra of R. Therefore, P(W )//G := Proj R G is a projective variety, and there is a rational map π : P(W ) P(W )//G. This is the GIT procedure of forming a quotient. A closed point [ ss . The map π identifies the closed points of P(W )//G with the set of G-orbits of polystable points.
A central task of GIT is now to identify the semistable and polystable points in P(W ). This is usually achieved by the Hilbert-Mumford criterion [1] . However, if ρ is the direct sum of other representations, this might become too difficult. In this note, we will provide a short and elementary proof of a theorem from [2] , dealing with this situation. More precisely, let k and G be as before, and W 1 ,...,W s finite dimensional k-vector spaces. Suppose we are given representations 
Remark. As one easily checks, for stable points only the "if"-direction remains true. The theorem remains useful even for the identification of stable points, using their characterisation as polystable points with finite stabilizer.
In [2] , this theorem was proved for s = 2 using properties of C * -actions and actions of products of groups. This approach actually not only yields the above theorem but also has applications to chains of GIT-flips. For the construction of master spaces (see below), this extra information is not necessary and it seems reasonable to have a much easier proof of the result.
Example (The coupling principle of Okonek and Teleman [3] ). The setup is as follows: We are given rational representations ρ 0 : Example (Moduli spaces of semistable oriented pairs [2] ). Oriented pairs have their origins in non-abelian Seiberg-Witten theory. The moduli space of semistable oriented pairs on surfaces and the above-mentioned coupling principle are key ingredients in the program of Okonek and Teleman for relating Donaldson and SeibergWitten invariants. The same circle of ideas can be applied to oriented pairs on curves, e.g., for another proof of the Verlinde formula [3] .
As an illustration, fix a smooth projective curve C and a line bundle L on C. An L-oriented pair is then a triple (E, ε, ϕ), consisting of a rank two vector bundle E on C, an isomorphism ε : det E −→ L, and a global section ϕ of E. If ϕ is nontrivial, there is a well defined effective divisor D on C such that ϕ embeds O C (D) as a subbundle of E. The L-oriented pair (E, ε, ϕ) is now semistable, if either E is a semistable vector bundle or ϕ = 0 and deg D ≤ deg E/2. The second condition can be easily rephrased in terms of the parameter dependent semistability concept for Bradlow pairs [2] . The task is to construct the moduli space of semistable L-oriented pairs. Using a Gieseker type construction, one of the main steps is to identify the SL(V )-semistable points in P(W 1 ⊕ W 2 ) where
∨ , V , U 1 , and U 2 being finite dimensional k-vector spaces. The Hilbert-Mumford criterion is not helpful here, mainly because one cannot reduce the problem to certain basic one-parameter subgroups as in the construction of the moduli space of vector bundles or Bradlow pairs. By the theorem, we have to compute the semistable points in P(W 1 ), P(W 2 ), and P(W 1 ) × P(W 2 ) w.r.t. the linearization in O(k 1 , k 2 ) for all k 1 , k 2 > 0. In all these cases, one can safely apply the Hilbert-Mumford criterion. The outcome is that the semistable points correspond to semistable L-oriented pairs, using the formulation of semistability in terms of the parameter dependent semistability concept for Bradlow pairs.
Proof of the Theorem
We first prove the semistable part. By definition, the point w is semistable if and only if, for some k > 0, there is an invariant section in
and the representation of G on S k W respects this decomposition, i.e., ( The semistable part is proved as before. First, we suppose that w is polystable. With the Hilbert-Mumford criterion [1] , the claim can be rephrased as follows: There exist non-negative rational numbers κ 1 and κ 2 , not both zero, with κ 1 + κ 2 = k such that for every one-parameter subgroup λ of G, we have
and the image of w in the respective P ι is a fixed point for the action of every one-parameter subgroup λ for which equality occurs in (1) . By the semistable part of the claim, we already know that we can find κ 1 and κ 2 such that (1) holds for every one-parameter subgroup λ. There are now two possibilities. The first one is that there are two distinct sets (κ Since this point is again semistable, the "semistable part" of the proposition implies that w is also semistable. This means w = w , because w is assumed to be polystable, and we are done. The second possibility is that there is exactly one such pair (κ 1 , κ 2 ), but this implies that, for all ν ≥ 0, all 
